Abstract. In this article we give a direct proof that the R/Z analytic index is well defined and the details of a short proof of the R/Z Grothendieck-Riemann-Roch theorem stated in a paper of Bismut. These proofs do not make use of differential K-theory.
Introduction
In this article we give a direct proof that the R/Z analytic index [12, Definition 14] 
These proofs do not make use of differential K-theory. Let π : X → B be a proper submersion of manifolds with closed spin cfibers of relative even dimension, and E → X a complex vector bundle. The Grothendieck-Riemann-Roch theorem can be thought of the cohomological version of the Atiyah-Singer family index theorem, i.e., expressing the Chern character of the index bundle of E → X in terms the topology of the data involved:
Todd(X/B) ∪ ch(E).
The Atiyah-Singer family index theorem is an integral theorem in the sense that K 0 ( * ) = Z. From (2) we see that if ch(E) = 0, then ch(ind a (E)) = 0. As explained in [12] , this is one of the motivations of having a geometric model for the R/Z K-group K −1 (X; R/Z) [1] and proving an index theorem taking values in R/Z for virtual bundles with vanishing Chern character.
The R/Z family index theorem [12, Corollary 3] states that
where ind t L is the R/Z topological index. The R/Z GRR (1) is obtained by applying the R/Q Chern character
to the R/Z family index theorem. R/Z K-theory is now known as the flat part of differential K-theory. In this sense the R/Z analytic index is a special case [8, Proposition 7. 
, and the R/Z GRR is a special case of the differential Grothendieck-RiemannRoch theorem (dGRR for short) [8, Corollary 8.26] 
where H even (B; R/Q) is the ring of Cheeger-Simons differential characters. A condensed proof of the dGRR is given in [9] . The proof uses [4, Theorem 1.15] as a main ingredient. It is well known that the R/Z GRR is a special case of the dGRR, so the result in [9] applies to the R/Z GRR. In this article we present a proof of R/Z GRR without using differential K-theory. Again, [4, Theorem 1.15] is the main ingredient of the proof. Indeed, such implication of R/Z GRR is first stated in [4, p.17]. Following the lines of arguments as in [9] , we give a direct proof that the R/Z analytic index ind a L is well defined. This is a consequence of the R/Z index theorem [12, Corollary 3] .
The paper is organized as follows: Section 2 contains all the necessary background material, including Cheeger-Simons differential characters, their multiplication and some properties of pushforward; the R/Z K-group K −1 L (X; R/Z) and the construction of R/Z analytic index ind a L . In Section 3 we prove the main results of this paper.
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Differential characters
Let X be a manifold. The ring of Cheeger-Simons differential characters [6] of degree k ≥ 1 with coefficients in R/Q is defined to be
It is easy to show that ω f is a closed k-form with periods in Q and is uniquely determined by f ∈ H k (X; R/Q). In the following hexagon, the diagonal sequences are exact, and every triangle and square commutes [6, Theorem 1.1]:
:
The maps are defined as follows: r is induced by Q → R, Invariant polynomials for U(n) have associated characteristic classes and differential characters. In particular, for a Hermitian vector bundle E → X with a metric h and a unitary connection ∇, the differential Chern character is the unique natural differential character [6, Theorem 2.2]
such that
We will write ch(E, h, ∇) as ch(E, ∇) in the sequel.
Multiplication of differential characters. In [6] the multiplication of differential characters is defined. Let
be a natural chain homotopy between the wedge product ∧ and the cup product ∪, i.e., for ω i ∈ Ω k i (X), we have
as cochains. Note that any two choices of E are naturally chain homotopic.
where T f , T g ∈ C k−1 (X, R) are lifts of f and g.
(1) f * g is independent of the choice of the lifts T f and
e., δ 1 and δ 2 are ring homomorphisms,
2.2. Pushforward of differential characters. The pushforward of differential characters is defined in [10, §3.4]. We only consider proper submersions π : X → B with closed fibers of relative dimension n, where the definition [8, §8.3] is straightforward: for k ≥ n,
denote both the pushforward of forms and cohomology classes.
. Then
[c] .
(4)
is the abelian group given by generators E = (E, h, ∇, ω) such that ch(∇) − rank(E) = −dω and two relations:
L (X; R/Z) if and only if there exists a short exact sequence of vector bundles
The virtual rank of any arbitrary element in K −1 (X; R/Z) is zero.
In particular,
where h ± is a Hermitian metric and ∇ ± is a unitary connection on E ± → X, and ch(∇ E ) :
L (X; R/Z), and vice versa [12, p. 8] .
The following sequence is exact [11, §7.21 ] (see also [12, (13) 
where r is induced by the inclusion of coefficients Q → R, and
where k ∈ N and ∇ kE 0 is a unitary connection on kE ∼ = C N , for some N ∈ N, with trivial holonomy. [12, Lemma 1, Proposition 1] show that ch R/Q is well defined. i.e., ch R/Q is independent of the choices of k and ∇ kE 0 . The R/Z Chern character of a Z 2 -graded element E is given by
where j : kE + → kE − is an isometric isomorphism. It is independent of the choices of k and j [12, p. 12].
The
L (X; R/Z) is roughly given by the geometric construction of the analytic index of (E, h, ∇) with a modified pushforward of the form φ.
First of all we recall the Bismut's construction of the analytic index. Let π : X → B be a proper submersion of even relative dimension n, and let T V X → X be the vertical tangent bundle, which is assumed to have a metric g T V X . A given horizontal distribution T H X → X and a Riemannian metric g T B on B determine a metric on T X → X by g T X := g T V X ⊕π * g T B . If ∇ T X is the corresponding Levi-Civita connection, then ∇ T V X := P • ∇ T X • P is a connection on T V X → X, where P : T X → T V X is the orthogonal projection. T V X → X is assumed to have a spin c structure. Denote by S V X → X the spinor c bundle associated to the characteristic Hermitian line bundle
We briefly recall the definition of the Bismut-Cheeger eta form η(E) ∈ Ω odd (B) Im(d) associated to E ∈ K FL (X). With the above setup, consider the infinite-rank superbundle π * E → B, where the fibers at each b ∈ B is given by
Recall that π * E → B admits an induced Hermitian metric and a connection ∇ π * E compatible with the metric [2, §9.2, Proposition 9.13]. For each b ∈ B, the canonically constructed Dirac operator
gives a family of Dirac operators, denoted by D E : Γ(X, S V X ⊗ E) → Γ(X, S V X ⊗ E). Assume the family of kernels ker(D E b ) has locally constant dimension, i.e., ker(D E ) → B is a finite-rank Hermitian superbundle. Let P : π * E → ker(D E ) be the orthogonal projection, h ker(D E ) be the Hermitian metric on ker(D E ) → B induced by P , and ∇ ker(D E ) := P • ∇ π * E • P be the connection on ker(D E ) → B compatible to h ker(D E ) .
The (scaled) Bismut-superconnection A t : Ω(B, π * E) → Ω(B, π * E) [3, Definition 3.2] (see also [2, Proposition 10 .15] and [7, (1.4 
)]), is defined by
where c(T ) is the Clifford multiplication by the curvature 2-form of the fiber bundle. The Bismut-Cheeger eta form η(E) [5, (2.26)] (see also [7] and [2, Theorem 10 .32]) is defined by
It satisfies
Now we recall the definition of ind
L (X; R/Z) be a Z 2 -graded element. Since E = E + ⊕E − is a Z 2 -graded complex vector bundle, h = h + ⊕h − is a Z 2 -graded Hermitian metric and ∇ = ∇ + ⊕∇ − is a Z 2 -graded unitary connection on E = E + ⊕E − , we apply the above geometric construction of the index bundle to each of E + → B and E − → B. Since each of the index bundle ker(D E ± ) → B is a Z 2 -graded bundle
it follows that the index bundle of E → X is Z 2 -graded complex vector bundle defined by
where
If we consider a Z 2 -graded element E = (E, h, ∇) to be E = E + ⊕ E − , then
Main results
In this section we prove that the flat analytic index ind a L is well defined, and prove the R/Z GRR.
We first prove these theorems in the special case where the family of kernels of the Dirac operators has constant dimension, i.e., ker(D E ) → B is a superbundle. The general case follows from a standard perturbation argument as in [8, §7] . It is stated in [4, p. 23] that Bismut's theorem extends to the general case.
4.1. The R/Z analytic index is well defined. 
Since the index bundle is additive, it follows that
The commutativity of the diagram
and (10) implies that
It follows from the exact sequence (6) that there exists
Thus, by definition, we have
By (9) and (10) we have
it follows that (11) becomes
where all the equalities hold up to exact forms. By the variational formula of the Bismut-Cheeger eta form
it follows that ω ∈ Ω odd exact (B), and therefore α(
4.2. The R/Z Grothendieck-Riemann-Roch theorem. We first recall a result of Bismut. In the setup of §3.2, with the fibers spin and ind a (E) → B assumed to form a superbundle, we have
[4, Theorem 1.15] . If the fibers are only spin c , (8) has the obvious modification
for Todd(T V X, ∇ T V X ) ∈ H even (X; R/Q) the differential character associated to the Todd class as in (5). We will write Todd(T V X, ∇ T V X ) as Todd( ∇ T V X ) in the sequel. Note that (12) and (13) 
Proof. Recall that the difference of the cohomology classes
is defined to be the mod Q reduction of the de Rham class of the following closed form 1 k CS(k∇
To simplify notation we use the symbol in (14) to represent (15). In (15) we have chosen the integer k in the Chern-Simon form in ch R/Q (ind a L (E)) and in X/B Todd( ∇ T V X ) ∧ ch R/Q (E) to be the same. This is valid since the cohomology classes of these odd forms do not depend on the choices made. Applying the map i 2 in (4) to (15), we get 
By reducing (17) by Q and taking the cohomology class by regarding (17) as a cocycle, we see that (14) is zero.
